In this paper we introduce convolution theorem for the Fourier transform (FT) of two complex functions. We show that the correlation theorem for the FT can be derived using properties of convolution. We develop this idea to derive the correlation theorem for the quaternion Fourier transform (QFT) of the two quaternion functions.
I. Introduction
The Fourier transform (FT) plays an important part in the theory of many branches of science and engineering. In the field of applied mathematics the Fourier transform has developed into an important tool. It is a powerful method for solving partial differential equations. In computer vision, images in the spatial domain can be transformed into the frequency domain by the Fourier transform. It is a very useful technique in image processing, because some operations and measurements can be done better in the frequency domain than in the spatial domain [4] . The most fundamental and important properties of the FT are convolution and correlation. They are mathematical operations which have been widely used in the theory of linear time-invariant (LTI) systems.
As a generalization of the FT, the quaternion Fourier transform (QFT), is first proposed by Ell [2] . Later, some constructive works related to QFT and its application in color image processing are presented in [1, 3, 9] . Recently, some author (see, for example, [5, 6, 7, 12] ) have extensively studied the QFT and its properties from a mathematical point of view. They found that most of the properties of this extended transform are generalizations of the corresponding properties of the FT with some modifications.
The purpose of this paper is to show the relationships between the convolution and correlation for the FT and the QFT. We first derive correlation theorem for the FT by applying the properties of the convolution theorem of two complex functions. Similar to the FT case, this approach can be developed to obtain the correlation theorem for QFT of the two quaternion functions.
Preliminaries
In this section we briefly review some basic ideas on quaternions. For a more complete discussion we refer the readers to [1] .
Quaternion algebra
The first concept of quaternions, which is a type of hypercomplex number, was formally introduced by Hamilton in 1843 and is denoted by ԯ. It is an associative non-commutative four dimensional algebra
(1) The orthogonal imaginary units , , and should follow the multiplication rules:
We may express a quaternion ‫ݍ‬ as a scalar part denoted by ܵܿሺ‫ݍ‬ሻ ൌ ‫ݍ‬ and a pure quaternion q denoted by Vecሺ‫ݍ‬ሻ ൌ ‫ݍ‬ ଵ ‫ݍ‬ ଶ ‫ݍ‬ ଷ ൌ . The conjugate of a quaternion ‫ݍ‬ is obtained by changing the signs of the pure quaternion, that is,
It is a linear anti-involution, that is, for every ‫,‬ ‫ݍ‬ ∈ ԯ we have
It is not difficult to see that from equation (1) and the third term of equation (2) we obtain the norm of a quaternion ‫ݍ‬ as
We further get the inverse
This fact shows that ԯ is a normed division algebra. Any quaternion q can be written as
where ߠ ൌ arctan 
Basic Properties of Fourier Transform
In this section we briefly review the definition of the Fourier transform (FT) and its basic properties. 
Convolution and Correlation for Fourier Transform
Two closely-related operations that are very important for signal processing applications are the convolution and correlation theorems. We first define the convolution of two complex functions and its relationship in the FT domain. As desired.
We next investigate some properties of the relationship between the correlation and the FT. We first establish the relationship between the conjugation of the correlation and its FT. 
Proof. For the first term of (15) we apply equation (5) 
Proof. For the first term of (16), an application of Theorem 3.6 and equation (6) we easily obtain ࣠൛ॸ ఠ బ ݂ ∘ ݃ൟሺ߱ሻ ൌ ࣠൛ॸ ఠ బ ݂ൟሺ߱ሻ ࣠ሼ݃ሽሺ߱ሻ തതതതതതതതതതത ൌ ࣠ሼ݂ሽሺ߱ െ ߱ ሻ࣠ሼ݃ሽሺ߱ሻ തതതതതതതതതതത , which was to be proved.
Convolution and Correlation for Quaternion Fourier Transform
In this section we give a definition of the quaternion Fourier transform (QFT) and we then establish the correlation theorem fort the QFT via the properties of the convolution theorem of two quaternion functions. 
Based on the definition of the quaternion convolution we obtain the definition of quaternion correlation as follows. 
We have the following result (compare to [9] ). In order to study the relationship between the quaternion convolution and quaternion correlation we derive the following result by using Theorem 4.4. 
where ሺെሻ ൌ ݃ ଵ ሺെሻ െ ݃ ଶ ሺെሻ െ ݃ ଷ ሺെሻ. Substituting this fact into the right-hand side of (19) we finally obtain This is the desired result.
